Abstract. Consider the conjugacy action of the unitary group of an infinite-dimensional separable Hilbert space on the unitary operators. A strong generic ergodicity property of this action is established, by showing that any conjugacy invariants assigned in a definable way to unitary operators, and taking as values countable structures up to isomorphism, generically trivialize. Similar results are proved for conjugacy of self-adjoint operators and for measure equivalence. The proofs make use of the theory of turbulence for continuous actions of Polish groups, developed by Hjorth. These methods are also used to give a new solution to a problem of Mauldin in measure theory, by showing that any analytic set of pairwise orthogonal measures on the Cantor space is orthogonal to a product measure.
Introduction
Two of the main classes of operators on the infinite-dimensional separable complex Hilbert space H, which are studied extensively in functional analysis and operator theory, are the unitary and self-adjoint operators. The unitary operators equipped with the strong (equivalently, the weak) operator topology form a Polish (i.e. completely metrizable separable) group U(H) under multiplication, while the self-adjoint operators with norm at most 1 form a Polish space S 1 (H), when equipped with the strong topology.
The unitary group U(H) acts continuously on both U(H) and S 1 (H) by conjugation, and our main purpose in this paper is to study (unitary) conjugacy invariants of unitary and self-adjoint operators, i.e. functions f : U(H) → X and g : S 1 (H) → Y with the property that f (V UV −1 ) = f (U) and g(V SV −1 ) = g(S), whenever U , V are in U(H) and S is in S 1 (H). For example, any such f and g, for which f (U) and g(S) depend only on the spectrum or the point spectrum of U and S respectively, constitute conjugacy invariants.
The spectral theorem for unitary operators provides a complete invariant under conjugacy, which consists of:
(1) an equivalence class of probability Borel measures on the unit circle T, under the measure equivalence relation defined by: µ ∼ ν iff µ and ν have the same null sets; (2) a multiplicity function.
Similarly in the case of self-adjoint operators in S 1 (H) but with [−1, 1] replacing T. If we restrict ourselves just to the set of multiplicity-free (i.e. with spectral multiplicity 1) unitary (respectively, self-adjoint) operators, which forms a dense G δ set in U(H) (respectively, S 1 (H)) (see [1] [2] [3] ), then this complete invariant is just a measure class on T (respectively, [−1, 1]).
Our main purpose in this paper is to show that certain kinds of invariants are as far from complete as possible. For example, consider the following well-known instance of this phenomenon. Suppose that f : U(H) → X is a nice, i.e. Baire measurable, function from U(H) into some Polish space X. If f is conjugacy invariant, then it is constant on a comeager set. This is a special case of the following standard topological ergodicity property (see, e.g., [4, 8.46 ]): if a group G acts by homeomorphisms on a Baire space Y and at least one orbit is dense, then for any Polish space X, every G-invariant f : Y → X is constant on a co-meager set. In our case, G = U(H), Y = U(H) and U(H) acts by conjugation on itself. As shown in [1] , the conjugacy class of every unitary operator whose spectrum is the entire unit circle is dense in U(H). (A similar result also holds for f : S 1 (H) → X as above .) In what follows, we denote by S ∞ the infinite symmetric group, namely the Polish group of all permutations of the set N of natural numbers. For any Polish group G, by a Borel G-space we mean a Polish space X together with a Borel action of G on X. We denote by E X G the corresponding orbit equivalence relation:
Our main result is the following very strong form of generic ergodicity for the action of U(H) on U(H), S 1 (H) by conjugation.
THEOREM 1. If X is any Borel S ∞ -space and f : U(H) → X is any Baire measurable function with the property that U ≈ V ⇒ f (U)E X
S ∞ -space X in which the orbits formed by the action of S ∞ are in a canonical bijection π : X/S ∞ → P ℵ 0 (S) (see, e.g., [5] ). It is natural then to consider f nice if it has a Baire measurable lifting f * :
, and an application of Theorem 1 shows that f is constant on a conjugacy invariant dense G δ set. (In the above example of the point spectrum, it is well known that this fixed value is the empty set.) Similar remarks apply to S 1 (H).
(ii) Countable structures up to isomorphism. Assume that we assign to every U ∈ U(H) a countable structure f (U) of a fixed countable language L (e.g., the language of fields, rings, groups, graphs, linear orderings, etc.) in such a way that the assignment in question constitutes a conjugacy invariant up to isomorphism, i.e. for any
Assume further that f is nice, in the sense that there exists a Baire measurable mapping f * : U(H) → X L (X L being the Polish space of all L-structures whose universe is N, see, e.g., [4, 16 .C]) such that for any
Then, if we consider the canonical logic action of S ∞ on X L whose corresponding orbit equivalence relation is ∼ = on X L , we have that
Therefore, by virtue of Theorem 1, there exists a conjugacy invariant dense G δ subset of U(H), for which f (U) is fixed up to isomorphism.
The proof of Theorem 1 is reduced to the proof of the following related result concerning the Polish space P (X) of all probability Borel measures on a perfect Polish space X and the measure equivalence relation ∼. 
Remark. Again it should be pointed out that every measure class is meager (see, e.g., §4 and the remark at the end of §5 later).
Let us say that an equivalence relation E on a Polish space X is generically S ∞ -ergodic if every E-class is meager and for any Borel S ∞ -space Y and for any Baire measurable function f : X → Y there is an E-invariant co-meager set C ⊆ X such that f [C] is contained in a single E Y S ∞ -class. In this terminology, Theorems 1 and 2 (and the remarks following them) assert that ≈ on U(H), S 1 (H), and ∼ on P (X) are generically S ∞ -ergodic.
The key tool in the proof of these theorems is Hjorth's theory of turbulence (see [6, 7] ).
Definition. Let G be any Polish group acting continuously on a Polish space X and let x ∈ X. For any open neighborhood U of x in X and for any symmetric open 
The concept of turbulence is a property of the orbits of the action in the sense that if G is any Polish group acting continuously on a Polish space X and E X G stands for the corresponding orbit equivalence relation, then T X G is E X G -invariant. The main result concerning the concept of turbulence that we will use is the following theorem of Hjorth [6] .
THEOREM. (Hjorth) . Let G be any Polish group acting continuously on a Polish space X in such a way that the orbits of the action are meager and at least one orbit is dense. Then the following are equivalent. 
Clearly if E is generically S ∞ -ergodic, E does not admit classification by countable structures, as ∼ = on X L is induced by a Borel S ∞ -action. It is then a corollary of Theorem 2 that measure equivalence ∼ on P (X), where X is a perfect Polish space, does not admit classification by countable structures.
We give in §2 a different (and earlier) proof of this corollary using ideas from turbulence and a result of Kakutani in measure theory. In §3, we use similar ideas to give a new proof of the result of Preiss and Rataj [8] , who, answering a question of Mauldin, showed that there is no maximal analytic set of pairwise orthogonal probability Borel measures on [0, 1]. This means that for any analytic set A of pairwise orthogonal measures, there exists a measure orthogonal to every measure in A. In fact, we prove the following strengthening, which shows that µ can be taken to be a product measure (if we switch to 2 N , instead of [0, 1]). More precisely we have the following theorem. In §4, we review some facts concerning Baire category in the space of probability Borel measures. In §5, we prove Theorem 2 and in §6 we prove Theorem 1.
Theorem 1 (for U(H)) and Theorem 2, as well as their proofs given here, were contained in a widely circulated preprint by the authors with the title 'A strong generic ergodicity property of unitary conjugacy'. Following that, Solecki [9] found another proof of Theorem 2 (for an arbitrary Polish space X), and Hjorth [10] found another proof of Theorem 1 for U(H).
Non-classification of measure equivalence by countable structures
Recall that for equivalence relations E, F on Polish spaces X, Y we say that E is Borel Proof. We may as well assume that we work with the Cantor space. Identifying every x ∈ Z N 2 with the corresponding subset of N of which it is the characteristic function, we have that x + y = x y, whenever x, y are in Z N 2 , and (P(N), ) acquires the structure of a Polish group. Moreover, setting
, we obtain a Polishable subgroup (I, ) of (P(N), ) whose translation action on (P(N), ) is generically turbulent (see [6] ) and consequently E
P(N)
I does not admit classification by countable structures. As the function f :
whenever x ∈ P(N), is continuous and satisfies the condition
whenever x, y are in P(N), it follows that
and consequently it is enough to prove that ∼ 2 ≤ B ∼.
Setting
. Moreover, by virtue of a theorem of Kakutani (see, e.g., [11, p. 456 
Remark. Using Theorem 2.1 and the spectral theorem one can easily show that unitary equivalence of unitary and self-adjoint operators does not admit classification by countable structures. We do not provide the details here since they are similar to the arguments in §6 later.
An application: maximal sets of orthogonal measures
Mauldin et al. [12] raised the question of whether there exists a maximal set of pairwise orthogonal probability Borel measures on [0, 1], which is analytic. Preiss and Rataj [8] solved this problem by showing that they do not exist. We give below a different proof of this result, which actually provides some additional information. We begin by giving the following definition.
Definition 3.2.
Let be an analytic partial pre-ordering on a Polish space X and let ∼ stand for the associated equivalence relation, i.e.
x ∼ y ⇐⇒ (x y ∧ y x), whenever x, y are in X, while ⊥ stands for the associated orthogonality relation, i.e.
whenever x, y are in X. Given x ∈ X, we shall say that ⊥ satisfies the countable chain condition (ccc) below x if the set {y ∈ X : y x} does not contain uncountably many pairwise orthogonal elements.
We proceed by proving the following lemma. Proof. Towards a contradiction we assume the contrary, i.e. that (∀y ∈ Y )(∃x ∈ A)(¬f (y) ⊥ x). Setting G(y) = {x ∈ A : ¬f (y) ⊥ x} for every y ∈ Y , we obtain a countable non-empty subset of A:
and all u i f (y), we have that I is countable, because ⊥ satisfies the ccc below f (y). Thus, the relation R(y, x) ⇐⇒ x ∈ G(y), where y ∈ Y and x ∈ X, is analytic with each section R y = G(y) countable and non-empty, which implies that there exists a
whenever y, z are in Y , the fact that E is generically S ∞ -ergodic shows that there exists an E-invariant dense G δ subset A of Y and a countable subset C of X such that y ∈ A ⇒ G(y) = C, whenever y ∈ Y . We will obtain a contradiction by showing that A contains countably many E-equivalence classes and consequently it is meager: indeed if
We are finally in a position to prove Theorem 3.1.
Proof of Theorem 3.1. Absolute continuity of probability Borel measures on the Cantor set constitutes a Borel partial pre-ordering on P (2 N ) for which ∼, i.e. the associated equivalence relation, is mutual absolute continuity, and for which ⊥, i.e. the associated orthogonality relation, is the usual orthogonality relation between measures. Since ⊥ satisfies the ccc below every µ ∈ P (2 N ) (because if ν µ then ν ∼ (µ|A) for some Borel set A ⊆ 2 N of positive µ-measure, so if ν µ and ρ µ are orthogonal, then ν ∼ (µ|A), ρ ∼ (µ|B), and µ(A ∩ B) = 0), by virtue of the fact that the translation action of (I, ) on (P(N), ), as defined in §2, is generically turbulent, the preceding Lemma 3.3 shows that it is enough to construct a Borel measurable function f : P(N) → P (2 N ) with the properties that zE
for every n ∈ N and f (y) = µ α(y) for every y ∈ P(N), we obtain a continuous function
and we need only appeal to the theorem of Kakutani mentioned in the proof of Theorem 2.1, which also shows that if
Baire category in the space of probability Borel measures
The following result is well known but we provide a proof for the convenience of the reader (see also [1] for a proof in the case of the unit circle).
, while {µ ∈ P (X) : µ ν and dµ/dν ∈ C(X, R * + )} is dense and meager in P (X), whenever ν ∈ P * (X).
Proof. We divide the argument into four steps.
(a) P * (X) constitutes a ∼-invariant dense G δ in P (X): If {O n : n ∈ N} is any countable basis for the topology on X, then P * (X) = n∈N ({µ ∈ P (X) : µ(O n ) = 0} c ) and by virtue of the Baire category theorem and the Portmanteau Theorem (see, e.g., [4, 17.20 
]) it is enough to prove that for any non-empty open
Towards a contradiction we assume the contrary and let λ ∈ P (X), {f 0 , . . . , f n } ⊆ C(X, R) and > 0 be such that
while x ∈ O and η > 0 are such that
Since the set {x ∈ X : ν({x}) > 0} is countable, if {O n : n ∈ N} is any countable basis for the topology on X, an application of the Cantor-Bendixson Theorem shows that for any n ∈ N, there exists x n ∈ O n such that ν({x n }) = 0. Hence, D = {x n : n ∈ N} is countable dense in X and ν(D) = 0, which implies that {µ ∈ P (X) : supp(µ) is finite and contained in D} ⊆ ν ⊥ We will first prove that P c (X) constitutes a G δ . Since X is compact, both P (X) and K(X) are also compact and since proj P (X) : P (X) × X (µ, x) → µ ∈ P (X) is obviously continuous, while X x → {x} ∈ K(X) constitutes an embedding, it follows that the function
is upper semi-continuous and consequently its upper sections are closed and therefore compact, which implies that
is K σ in P (X). The fact that P c (X) is dense in P (X) will follow once we prove the fourth step of the argument, since P c (X) ∩ P * (X) = ∅ and if ν ∈ P c (X) ∩ P * (X), then
(d) For any ν ∈ P * (X), {µ ∈ P (X) : µ ν and dµ/dν ∈ C(X, R * + )} is dense and meager in P (X): By virtue of (b), it is enough to prove that the set in question is dense. To this end given κ ∈ P (X) such that supp(κ) = {x 0 , . . . , x l }, {f 0 , . . . , f n } ⊆ C(X, R) and > 0, we need only prove that there exists µ ∈ P (X) such that µ ν and dµ/dν ∈ C(X, R * + ), while for any 0 ≤ i ≤ n, 
is continuous and 
constitutes a dense G δ in P (X), something that follows from the fact that the O m 's are dense in X and the functions P (X)
So for the rest of this section we will assume that X is also compact. We begin by giving the following definitions.
Definition 5.2. We will say that an equivalence relation E on a given Polish space X admits an approximation by a Polish group action, when the following conditions are satisfied. Definition 5.3. Let E be any equivalence relation on a given Polish space X and assume that it admits an approximation by a Polish group action. Then, keeping the same notation as in Definition 5.2, for any subset A of X its pseudo-Vaught transforms, A * and A , are defined as follows:
and
(Here ∀ * γ means for 'co-meager many γ ' and ∃ * γ means 'for non-meager many γ .')
The following proposition summarizes the basic properties of the pseudo-Vaught transforms.
PROPOSITION 5.4. Let E be any equivalence relation on a given Polish space X and assume that it admits an approximation by a Polish group action. Then, keeping the same notation as in Definition 5.2, we have the following. (a)
The pseudo-Vaught transforms P * and P of any subset P of X are E-invariant and (P ) E ⊆ P * ⊆ P ⊆ [P ] E , where (P ) E = {x ∈ X : [x] E ⊆ P } and
G -invariant and constitutes a G δ , then P is contained in P * . In particular, if P ⊆ X is E X G -invariant and constitutes a dense G δ , then P * is E-invariant and constitutes a dense G δ .
Proof. Parts (b)-(d) are fairly straightforward and we will restrict ourselves to proving (a), (e) and (f).
(a) Since the fact that (P ) E ⊆ P * ⊆ P ⊆ [P ] E is an immediate consequence of the definitions, we will restrict ourselves again to proving that both P * and P are E-invariant. Indeed, if x ∈ P * and y ∈ P , while γ ∈ x and δ ∈ y , then {α ∈ x : φ x (α) ∈ P } is co-meager in x and {β ∈ y : φ y (β) ∈ P } is non-meager in y , hence since the mappings ψ x,γ : x → φ x (γ ) and ψ y,δ : y → φ y (δ) constitute homeomorphisms, while for any α ∈ x and for any β ∈ y , φ x (α) = φ φ x (γ ) (ψ x,γ (α)) and φ y (β) = φ φ y (δ) (ψ y,δ (β)), it follows that
is co-meager in φ x (γ ) and consequently φ x (γ ) ∈ P * , while
is non-meager in φ y (δ) and consequently φ y (δ) ∈ P . (e) We choose at random a countable dense subset C of G and let d be any complete compatible metric on G. Given x ∈ X, since the mapping φ x : x → X is continuous, {γ ∈ x : φ x (γ ) ∈ P } is open in x and consequently it is co-meager in x iff it is dense in x or (equivalently) (∀n ∈ N)(∀a
, which is easily seen to imply that P * constitutes a G δ .
(f) If x ∈ P , then our assumptions imply that
The relation between the notion of generic S ∞ -ergodicity and the notion of approximation by a Polish group action for equivalence relations is demonstrated by the following proposition. Proof. Let E be any equivalence relation on a given Polish space X and assume that all its equivalence classes are meager and that it admits an approximation by a generically turbulent Polish group action. Then, keeping the same notation as in Definition 5.2, the fact that the action of G on X is generically turbulent implies that if Y is any Borel S ∞ -space and f : X → Y is any C-measurable function with the property that
Proposition 4.1 is easily seen to imply that every ∼-equivalence class is meager and consequently, by virtue of Proposition 5.5, in order to prove Theorem 5.1 it is enough to show that mutual absolute continuity admits an approximation by a generically turbulent Polish group action. PROPOSITION 5.6. If X is any compact perfect Polish space, then we have the following.
e.}, and the mapping µ :
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(ii) C(X, R * + ) = {f : X → R : f is continuous and f > 0} constitutes a group under pointwise multiplication, the group structure in question being compatible with the topology of uniform convergence which is Polish on C(X, R * + ), and it acts continuously on
If , δ are arbitrary positive rationals, then we set
. It is not difficult to verify that H = L 1 ++ (X, µ) and consequently we need only prove that, for any δ ∈ Q * + , the set
Thus, since
and hence
Proof. We will first prove the following standard claim: For any continuous function
as n → ∞, with respect to the strong topology. Let u, v be any unit vectors on H and let p(z) ∈ C[z]. Then, the proof of the spectral theorem shows that
for any n ∈ N, and consequently
for every n ∈ N. Hence, by virtue of the Stone-Weierstass Theorem, it is enough to prove
where the α k 's are in C and α N = 0, then the proof of the spectral theorem shows that
Now to prove the proposition, by virtue of the Portmanteau Theorem, given any closed
and since for any n, N ∈ N,
it is enough to prove that for any k ∈ N, in P (K) as n → ∞; but this follows from the above-mentioned claim, since for any f ∈ C(K, C),
Thus, since the functions that assign a measure in P (T) to every operator in U(H) and a measure in P ([−1, 1] ) to every operator in S 1 (H) as a canonical representative of its maximal spectral type are continuous, we will reduce the proof of Theorem 6.1 to Theorem 5.1. To this end, we will first prove that there exist Borel inverses of the functions mentioned above that assign an operator in U(H) to every measure in P * (T) ∩ P c (T) and an operator in S 1 (H) to every measure in
, and we will then prove that the Polish group actions considered in Theorem 6.1 are generically turbulent by proving that they satisfy the antecedents and part (iv) of the succedants of the theorem of Hjorth mentioned in §1. 
whenever ζ ∈ T, and similarly ( λ S λ
, whenever x ∈ [−1, 1], which implies that κ U κ −1 κ is multiplicity-free and
λ is multiplicity-free and
Therefore, we deduce that U κ is multiplicity-free and
while S λ is multiplicity-free and
whenever B ∈ B(T), and similarly E 
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Proof. This follows immediately from Lemma 6.6 and the spectral theorem. k=1 (x m , e k )e k for every 1 ≤ m ≤ n, and we argue by induction on n. So let n > 1 and assume the claim for the natural number n − 1. Then x i − e i < 7 i δ, 1 ≤ i < n, and what we need to show is that x n − e n < 7 n δ. But setting p(n) = ( n−1 k=1 (1 + 7 k ) 2 ) 1/2 , we have that 3p(n) < 7 n and y n − x n 2 < δ 2 p(n) 2 , which implies that 1 − δp(n) < y n < 1 + δp(n) and x n − e n = x n − x n + y n − x n y n ≤ | y n − 1| + y n − x n y n < 2δp(n) 1 − δp(n) ≤ 3δp(n) < 7 n δ. Now let S ∈ 2 be arbitrary but fixed. If {t n : n ∈ N} is any countable dense subset of [−1, 1] and T is the unique operator in S 1 (H) defined by the relations T e n = t n e n (n ∈ N), then, given N ∈ N, we need only prove that there exists V ∈ U(H) such that Thus, an application of the claim proved above shows that the unit vectors u 0 , . . . , u N , obtained from x 0 , . . . , x N by the standard orthogonalization process, satisfy the conditions x i − u i < 2 −(N+2) , 0 ≤ i ≤ N. Therefore, by extending {u 0 , . . . , u N } to a complete orthonormal system {u n : n ∈ N} in H and setting V to be the unique element of U(H) defined by the relations V u n = e n (n ∈ N), it follows that for any 0 ≤ n ≤ N, (V SV −1 − T )e n = SV −1 e n − t n V −1 e n = Su n − t n u n = S(u n − x n ) + (Sx n − t n x n ) + t n (x n − u n ) ≤ 2 u n − x n + Sx n − t n x n < 2 · 2
